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INTRODUCTION

rn [12] R,. c. James proved the following assertions for E a Banac]n
space with an unconditional basis {ao}o :

(Trsc) E is weaklg sequentially complete if anil onty if E contnins no
isomorphi,c copy of e o;

@) E is rgflerite if and, only if E contains no
anil lr;

isomorphia cogty oJ eo

(RlrP) E' is separable if ond, only if E contains no isomorphic copy
oI lv

Later Lozanovski [19], [20] proved (w8c) and (-R) forBanachlat-
tices but his approach covers also the case where -E embeds into a 6-com-
plete Banach lattice having order continuous norm. Belated results rvere
discussed by Lotz [17], Meyer-Nieberg [21] and Tzafutri [29], fn a c,on_
versation, in 1974, H. Lotz showed us a proof that (-E-lIp) holds for every
separable Banach lattice.
' The first section of our paper is concerned with preduals of Banach

lattices. A Banach space -E is said to be a predual of the Banach space -E
if ll' is isometric to E. The main result (see Theorem 1.1 below, asse,rts
that given an ordered. Banach space -D which contains no isomorphic
copy of eo then -E' is a Banach lattice if and only if z itself is a Banach
lattice. Particularly (w,sc) and (-R) both remain valid in the framework
of ordered pred.uals of Banach lattices. rt is proved also that if Z does not
contain an isomorphic copy of eo and" -E' is a Banach lattice then z is the
unique (up to isometry) ordered predual of E'. That extends the well
known fact that a space L*(V.) has a unique (up to isometry) predual.

rn the second. section we discuss a geometrical condition in order
that the dual of a Banach lattice -E having a weak order unit (i.e a total
element) fails such a unit : the presence in E' of a lattice isomorph of
lt(l) for I an uncountable set of indices. see corollary 2.5 below. under
additional assumptions this condition is seen to be equivalent to the fact that
-D' is not weakly compactly generated. See Theorem 2.7 below. That ex-
tends an important result due to Bosenthal [25].
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fn the third section we establish (-R.tr[P) for separable Banach spa-
ces -E having local unconditional structure in the sense of Gordon and
I-:ewis [6] i.e. -8" is complemented. in a Banach lattice. See Theorem 3.3
below. -As a consequence we obtain that the recent gaample (due to
Il,. C. James [13]) of a somewhat refloxive Banach space with a nonsepa-
rable clual fails local unconditional structure.

The main results presented. in the second and the th.ird section have
been announced in [22].

1. PREDUALS OF BANACII LATTICE

We shall d.enote hy g 
o the class of all Banach spaces E equipped with

a closed cone C such that ;
Lr) (8, C)has the Riesz ilecomposition propertg
Lr) -y < r < y implies llrll < llYll
L") For eaah u eE, llnll <L there euists a y eE with llgll < 1'

U2*a.
Ilere r ) 0meanspreciselythat, r e C.

By Theorem 1 in [14], page L8, E' is order isometric to a Banach
lattice. It is also well known (see [3]) that each ordered Banach space
-D whose topological dual is a Banach lattice satisfies L, - L" for

C : {n e E; n'(n\ 2 0 for a,ll, n' e E', n'>O}

The class gowas investigated especially in conneetion wit'h thestudy
of .tr(p)-preduals spaces. See [16] for details. Our approach i8 based on the
geneial taeory of. AM and' AL spa,ces in the sense of Kakntani-

L'et E e 9o. Eot eacn' n e E, n ) 0, we can considen t'he following
vector space:

E, : {U e -E; (3) l}0, Xn > * !}
normed by:

llvll" - inf {}'} o; ro > +Y\

By Theorem 6 in [14], page L6, (8,)' is ord.er isomet'ric to a space
trr(p), f-or p, a suitable positive Radon measure.

If -@ is supposed. to be a Banach lattice then a classical result due to
Kakutani yielcts that' E, is lattice isometric to a C(S) spaoe.

We shall denote by i',: E, + -E the canonical inclusion.
For each n' e E', fi' ) O, consider on l9 the following relation of

equivalence:

n - 0 (:)(V) e>0(3) y"> +n,r'(E) 4 e.

The completion of El- with respect to the additive norm:

will be deno'
Notice that
fr'eEtrfrt >
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will be denotetl by Lr(r') and the canonical mapping E --+ Lr(u') by fu.
Notice t'hat' (j,')' : itt tu:Ld Lr(u')' is order isometric to (D'),, for each
fi' e Etrn' >0.

fn [8] (see also [14])page 96) Grothendieck remarked that each dual
C(B) space has a unique (up to isometry) predual. This fact together a
classical result due to Kakutani shows that each Lr(a') space is order iso-
metric to an Zr(g,) space, for g, a suitable positive Badon -"uuors. Ano-
ther useful remark is that for each r e E, nlO, there exists an order iso-
morphism p, from Lr(u) rnto (8")' satisfying the following two conditions :

P,"j,:(i"),.

ll p"ll : ll'(p,)-'ll : 1

Our next result shows that the non lattice I -theory requires the
presence of eo:

1.L. Tgsonnm. Let fr e 9o be a Banach space which contains no
isomorphic cogty of eo. Ihen:

(i) E is oriler isom,etri.a to a Banach latti,ce
(ii) E' has an wnique (up to isometrg) orilered, preihnt.
Proof . (i) I-,et n e E, u > 0. Because -D contains no isomorphic copy

of eo, a result due to Linclenstrauss and Tzafriri (see [16], page 184) im-
plies that the mapping i" is weakly compact and thus (i,)" (8,)" c E.
On the ot'her hand (i")' ' : (j ,)' . ( p")' and ( p, )' is onto . Then :

Im (j,)' .Im1i v' - E

the cloqure being considered in the norm topology of E. In other words
the ideal (D"ln, generated by o in .E", is contained in -D and thus the mo-
dulus (calculated in E") of each o e E belongs also to -D.

(ii). Let Z be tbre closed subspace of all ordor continuous functio-
nals o" e E" i.e.

r
e

r,l.l,0 (in ortler) implies a"(n') -'+ Q

anrl let Y be an ord.ered predual of E'. Then there exists an isonretry
g:Y --> Z givenby :

q(g)(n')): (u, a')

for every UeYt o'eE'. By (i) and. Proltosi'tion 2.4 (d\ rLtl?l rJ follows
thfi n : Zt wL:ich in turn implies that I is isometric to -Er q.e.d.

1.2. Conor,r,Anv, Let E be on ord,ereil Banach space which contains no
ismnorphi,c copu oI c,o. Then E' is isometric to a Banach latti'ae if anil only
if E itself is isornetric to a Banach lattice.
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After this paper has been accepted- for publicati^on, -Professor
],acey-nas infornied us of the following simple proof .of Corollary L+2.:

i;i-'. e.D anA look at all upper bountls of{ir, 0}; this collection,is
Oo*"*rrA* directed by thei 

-interpolatory property. If it d'oes not
;;;;E; th;-th"6 is"an e>0 a*nd a itecleasing sequence {r,}, so,

lhat lli*ar- fi*ll>e for all m. It follows that Sp {ro*, - n*lo-eo, q'e'd'

The Banach lattice Jh:(E O t-(o))r, is wea4y sgquentially eoin-

plete and thus, by our Theorem 1.1 (ii) abover Jft, is the only ordered

predual of (Jh)':(I 6lln))r-. Eowever -LJh)'139i?lnu 
a comple'

';;t"d 
"*r) 

oti, f see-W. g. )oiinson, Israel J. Math. ry (L9!2), 301-310)r

""4,' 
fl frif'* ,"'ri"ique preclual. fn connection with this example we

ask the following :

1.3. PnoeLnW.. Does there enist a Banach' lattice E such that E con-

tol,ns ii fio*orph of e , and, E' has a nrnique (u,p to isom,etrE) predual'?

2. WE.{K ONDER UNITS

In this section we discuss a geometrical,conditio4 f9r the existence

of a rveak ortler unit in the dual rji a separable-Banach lattice : the non

;;i*t;"; "i a iattice isomorph of ,a sqad lr(I.) for I an uncountable set.-- 
Wu need a preliminarf result wnicn works for all se_parable sry?ces

n S 'aia 
aiso to" aU nanacn lattice h.ving _a _w91k order unit. Ilere

7 Ou"oi"* the class of all predupls of Banach lattices' ' i

- Z.t. I_,puul,. Let E e I suah,-that Jor a suitable u e E" we haoe,, 
,:,,';

neU,lol A lol :O im'Plies n:O'

Tlten there erists an oriler oomplete Banach lattice M-(E) with a weak

oraw iiit en! g lattice i'sometry i-,!-: M(E| such that 
'

(a) i(E') is comPlemented in M(E)',
iti aiTl is Jmmeil by oriler eontinuous futt'ctionals on M(E\' ''
ThusM(E)playsthesameroleas-tr-[0.1lfor.E:C[0.1]and(b)

oxtends a rveil'tnown lemma due t'o Dini' !

""*'}roof. fVe snatt considelfo, rylq the band generated by o in 8".

i,(n"1@) - (r', e)
:

for every fi' eE" e = 
M(E). I'et i :E --> M.(E) the canonical inclusion. Then

1j' " i)(u') (n\ : (i'(n'),i(r\) : (r, n')

for every neEr fr'eE" which implies the existence of a positive ptoiec''

lirid,itwl' -. i(E').
The seconcl assertion is an easy consequonce of the following result

Aue tJfiiosr; if , il-; Uanach lattice antt/, .1, 0 in Z' then f,(z) * 0 for
everyzeZ,q.e'd.
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Tf.Z is an ord,er complete Banach lattice and ,4 c. Z is a closed sub-
space,weshalldenote by >(-4) an order completo closed sublattice of the
band generated by.4 such that A c X(-4).

2.2. Tnnonnu. Let E e I be a Banach space uthich is contained in
the band, generateil, by a positirse u e 8". IJ A is a cl,osed, subspace of E' th,en
either :

(i) > (-4) has aweak order unit 1 or
(ii) A conta,ins an isomorph of lr(l) (for T an uncountable set) which, is

complemented in 2(A) and,2(A) contains a lattice isomorph o/ lr(l).
Proof. By Lemma 2.1 above we can assume thlat E is an ordel com-

plete Banach lattice with a weak ord.er unit r, and -4 is formed by order
continuous functionals. The subspace E'o of all order o-continuous functi-
onals r'e E' constitutes a band (see [28] page 74) and thus X(A) c n6.

By Zorn' s lemma therc exists a family {ui\r., of pairwise disjoint
normalized elements of X(.4) such that :

Put:
n' e 2(A), sup (l o' I h iuil) : 0 implies n' : 0.

H : {i e ,I ; (3) a, e A,lla,ll < t, luil ar # 0}

and for each rle ff. choose an e,r e .4 with llorll < 1 ancl luifat + 0. flere
[a] denotes the band projection genera,ted by a.

Notice that n - sup (n /1 nu)for each n e E,r ) 0, and, luilar e EI
for each i e-8. Then for each i e trl we can find an. e, el0, u] with (luifat)"*o.

The following two possibilities occur :

(l) Card, -E ( No and thus by itlentifying .E as a subset of [N wo
-shall denote :

u, :8", "lu,*|.

Then u' e X(d)and :

f e Arln'i A 1L' :0 implies a' :0.

Because X(C)c /.u, it follows that u' is a weak order unit for X(-4).
(2) Caril .E ) No and in this case we shall consider the opera,tor

? e L(X (-4.),l1(.8))given by :

T(n') : {( tuil'n')e,},.,,

for every n' eZ(A). Notice that ll"ll < il,ull and T(a,) + 0, i e E. Put:

Ho : {i e H ;l T(a)(i)l < U"}

for n :1,2, ... Then E : U Hnand. there exists an ?lo wit]n Card, Hn'"')
) Ne. By Lemma 1.1 in 1251, A contains a non soparable I,( f ) space wtiich
is complemented in l(,4).
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Notice that, T(luila) +O for each ieH and the element's luifaoare
pairwise disjoint. Then the proof of Lemma 1.1 in [25] easily yields the
existence of an uncountable family

{a.}..n c. Abco {luilou; i' e H}

which is equivalent to the vector unit basis of lt(O). Ifere Aboo Z mean$
the ab,qolute convex hull of Z. Pttt:

J:{i eE; (3) <oef), la.l Alluila'l+0.

I Then Card, J ) $s (otherwise {4.}. would. be contained in a sepa-
rable space) and because each a. is a, finite combination of the elements
luifa" there exists an uncountable subset of {4"}. formed by pairwise
disjoint elements, q.e.d.- 

2.3. Rpulnr. Ihe two possibilitins of Iheorem 2.2' ate mutuallq4
euclusirse. In fact, by Lemma 2.1 it suffices to consider the ease where -D
is an order ssmplete Banach lattice wir.h a weak order unit z.>0 a'nld a,'
is a positive element ot EI such that [rl'] contains a pairwise clisjoint
normi,lized family {ei}"." which is equiva'lent to the unit vector basis of
a non separable 

-Ir(l).' Sinee r'eE6, ([z'l A le|l" 7 0 foleac\re !-
Then there exists- an no e N and &n uncountable subset lo c I with
(u' A le!,t)u ) llnotor each'y e l. Consequently :

u'(u) 2 sun {"!fn, A leil\u; Cariln q oo} : oo

contradiction.
2.4. Rou.nnx. lt is possible that D onil E' both hatte a ueak ord,er

unit anil D' contains a comTtlem,ented, i,somorph (but not a latti'ce isom,orph\

o1 tr12N). For exampls, consider 
-E 

:1>-61l-(n))r,.. See [11] for- detaiF-' -'2.5. 
Conor,r,Env. f'et n be a Banach,lattice with a weak mder unit-

Th,en either D' contains a wealt order unit or E' contains a latr7it:e isomorpk
of a non separablelr(l) space." Prof6ssor B.^G.'Blartle has kindly informed us that E. P- Lotz andl"

I[. Rosenthal (Urbana) have obtained results relatetl to Corollary 2.5
above.

2.6. Conor,LABY. Let E be an oriler com,plete Banach latli'ce such that
E' has a weak arder uni.t. Then ei,ther E contains a weah oriler u,nit or E
eontains a lattice isomorph of a' non seporable lr(-l\ spaae-

A special case of our Theorem 2.2 is the following:
2.?. Tsnonn6. Let E e I ba a Bana,ch space which is contained in the

banil, generated by a srcitable o . p.".,If E contai.ns no cornplementeil cqpY of
l, nnd A is a closeil, subspace of D' then either :

(i) -4 is aontai'ned' in a weakly contpaotly generated su.blattice of n'
haoing a weak wd,er un'it; or,

(ii) ,4. contains an'isomorph o.f a non separabte lt(l) spacethatis corn-
plemented,in E'.
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Proof. By [1], -i9' contains no isomorphic r:opy of e,, and thus bv
Propositions 2.1 and 2.4 tn iI-71 the order intervals of D' ate relatively
weakly compact and the topology of E' is order continuous i,e. ni, I O
(in order) implies llri ll * 0.

Then [a] :2!! - Span [0, a] for each z e E', z ] 0, and our result
follows from Theorem 2.2 above, q.e.d.

2.8. Rpulnx. If E is a Ranach lattice and. u' is a positive element
of -E'then lu'l contai,ns preeisely those functionals o'e E' whiclt, are absolu-
Cely continuous with respect to u', i.e.

(ACl nor eoerg e>O and, eaerE &eD, ul0, there eaists a 8:
:8(e, n) > 0such that:

lgl < a, u'(lyD < 8 implies ln'(E)l < e.

See [2] for details. Consequently for -E a C(S) space our Theorem
2.7 above implies Lemma 1.3 in [25].

3. TIIE RADON-NIKODYM PNOPBRTY

In 1975, at the Kent University eonfotence on the Radon-Nikodym
property, H, Lotz proved the followi4g result:

3.1. Tnnonou. Let D be a Banach lattice such that E' has a ueah
miler unit and let A be a closeil subspace of E. Then either:

(il A contains an isommphic copg of eo;
(ii) -4.' is wealdE compactlg generated,.

We next present similar results in the
having local unconditional structure.

The unconilitional basis constant 7(D) of a Banach space -E is the
least constant I having the followlng property : there exists a basis {e,}n.,for D such that ll}urarerll < i whenever Za1ere-E ha,s norm one and.
I o, I ( L, i e I.If not, such ). exists, X(-D) : oo.

3.2. D rrxrrroN. A Banach space D is soiil to hatse loeal wnconili-
Ii.onal slructure (l,.u.st.l in the sense of Gorilon and f ewis t6l r/ E satisfies
one ol the following equirsalent conilitions :

(i) There euists a l. ) O su,ch that for any tin.ite ili,me,neional subspace
I c E one ean linil a space A anil operators q.eg(n,U), Be 9(U.D|
such that lou i,s the id,enti,tE on I anil

ll" ll ll P ll x(U) ( I,

$\ n" is complemented in a Banach lattice
(iil) Thera eni.sts an isommphism, h frorn E into a Banach l,attice L anil

a q e 9(D', L')wi,thh' " g :Lz.
The equivalence (i) (:) (ii) was remarked in [5] while (ii) e> (iii) is

immsfliafg.
A stronger concept of.l.u.st. was introduced by Dubinski, Pelczynski

and Bosenthal. See [5] for details.
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3.3. TnponuM. Ior o, separable Banach sTta,ce E haoi,n'g l'.u'st. the

following assertions are equ'itsalent :

(i) E' i.s separabl'e
(ii) ,E' d,oes not contuin a copy of l,
(iii) -U' is weakly compactly general'ed.

ProoJ. (i) = (ii). In fact, if a Banach space Z gqnlargs an isomorPh
of l, then h'id,s a quotient space isomorphic to Z- which in turn implies
l}:at Z' is nonseparable.

(ii) - (iii). L,et h, 9 and. -t be as in Definition 3.2 (iii) atrove. Since -14

is soparable, we maJi assume that L is separatrle.

Since l? is separable and contains no isornorphic copy of l' E' con-
tains no isomorphic copy or l, (f) for I an uncountable set (see-[23]),so
by our Theorem 2.2 allrove it fol'lorvs that g(-E') is contained in the band.
generated by a positive u' e L'.

A result due to Bessaga and Felczl-nski [1] implies that E'contains
no isomorphic copy of e, and thus the coinposition h,' - h' " i,". (L'\^'-> E'
is rveakly-conr1'aci for each fl' e L', n' > O. See [26], Theorem 3'7'

Since (-t'),, - (I'r(n'))' has the Dunford-Pettis property, h,' maps
decreasing sequences'oT positive elements of (L'),' -into convgrg9g le-
qo"oc"s 6t eGments of ,D'. See Proposition 1 and Theorem 1 in [7]. On

the other }1and, h,, :(j,," la)' is tg'-continuous and- thus h"' is ord'er

o-continuous for each n' > 0. Consequently :

E' : Spon h'10, tt'l : Span P,) lo,u'7

and we alread,y remarked tlnat'lt,,,is rveakly compact.
The implication (iii) + (i) is an easy consequence of the following

result d.ue to Davis, tr'igiel, Johnson and Pelczynski [4] : a Banach space

Z is waakly compactly generated. if there exists a reflexive spaee -E and
a one to one operator I e 9(R, Z) wit''l ?(-E) dense in Z, q- e.d'.

8.4. Conbr,rany. Let E be a Banach spaae with.l.u.st. Then the follo-
wing assertioms are equiua'Ient:

(i) .E contains *i ito*orq,ltic copy of l,
(ii) ,E' has the Railon-Nikoilyrn property i,.e. etsery absolutely summing

ogterator Jrom u space C(S) into E' is nuclear.
ir"oo1. til i tiij rt f e gQ$), -E') is abs'olutely gumming then' '?

ad.mits a factorizabion C(iS) -i zr(r,,) !- E' w]nere pr' is a positive R'adon
measure on S and. i d.enotes the canonical inclusion. See Proposition 2.3.4
in [2a]. Clearly i is weakly compact and. T'! : (i' " A'lE)'. By Theorem
L in t?l it follows that i,' :tr-(p) + C(B)'maps weak Cauchy sequences into
convorging sequences. Because ,E contains no isomorphic copy of lt, each
bounded sequence in -E has a weak Cauchy subsequence (see [27]) and
thus i' " U' lE and. T are compact operators. Consequently we have only
to prove that each separable subspace of -E'has the Badon-Nikodym pro-
perty.
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